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for p-adic entire functions
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We denote by IK an algebraically closed field of
characteristic 0, complete with respect to an ultra-
metric absolute value | . |. Analytic functions inside
a disk or in the whole field IK were introduced and
studied in many books. Givena € IKand R € R,
we denote by d(«, R) the disk {z € K ||z—a] < R},
by d(a, R™) the disk {x € K | |z — a| < R}, by
C'(a, ) the circle {x € K | |x — a| =7}, by A( K)
the IK-algebra of analytic functions in IK (i.e. the
set of power series with an infinite radius of con-
vergence) and by M( IK) the field of meromorphic
functions in IK (i.e. the field of fractions of A( IK)).
Given f € M( IK), we will denote by ¢(f,r) the
number of zeros of f in d(0,r), taking multiplicity
into account and by u(f,r) the number of distinct
multiple zeros of f in d(0,r). Throughout the paper,
log denotes the Neperian logarithm.

Here we mean to introduce and study the notion
of order of growth and type of growth for functions
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of order t. We will also introduce a new notion of
cotype of growth in relation with the distribution of
zeros in disks which plays a major role in processes
that are quite different from those in complex analy-
sis. This has an application to the question whether
an entire function can be devided by its derivative
inside the algebra of entire functions.

Similarly to the definition known on complex
entire functions, given f € A( IK), the superior limit

. log(log(| f](r)))
lirfigf log(r)

is called the order of growth of f or the order of f
in brief and is denoted by p(f). We say that f has
finite order if p(f) < +o0.

Theorem 1: Let f, g € A( IK). Then:

p(f + g) <max(p(f), p(g)),
p(fg) = max(p(f), p(g)),

Corollary 1.1: Let f, g € A(IK). Then p(f™)

p(f) Yn € IN". If p(f) > p(g), then p(f +g) =
p(f).

Remark: p is an ultrametric extended semi-norm.
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Notation: Given t € [0, +o0o[, we denote by A( IK, t)
the set of f € A( IK) such that p(f) <t and we set

A(K)= | ] A(Kz).

te[0,4o00]

Corollary 1.2. For any t > 0, A( IK,t) is a IK-
subalgebra of A( IK). If t < u, then

A(K,t) Cc A( K, u) and A°( IK) is also a
IK-subalgebra of A( IK).

Theorem 2 Let f € A(IK) and let P € IK|z].
Then

p(Po f)=p(f) and p(f o P) = deg(P)p(f).

Theorem 3: Let f, g € A( IK) be transcendental.

If p(f) # 0, then p(f o g) = +oo. If p(f) =0, then
p(fog) > p(g)



Theorem 4 Let f € A( IK) be not identically zero.
If there exists s > 0 such that

lim sup
T— 400

(q(f, r)

s )<+oo

then p(f) is the lowest bound of the set of s € [0, +00|
such that

q(/f, 7“)) _o.

lim sup ( .
-

T——+00

Moreover, if

lim sup (q(f, 7) )

r——+00 rt

is a number b €|0,+o00[, then p(f) = t. If there
exists no s such that

lim sup (q(f;r)) < +00,

r— 400 T

then p(f) = +oc.

Example: Suppose that for each » > 0, we have
q(f,r) € [rtlogr,r*logr + 1]. Then of course, for
every s > t, we have

lim sup q(f,r)

r——+00 (i

=0
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and lim sup Q(f;T)
r— 00 r

q(f,r)

rt

= +00, so there exists no ¢t > 0

such that
—+00.

have non-zero superior limit b <
Definition and notation: Let ¢ € [0, +oo[ and
let f € A( IK) of order t. We set

Y(f) = limsup a(f.r)

r—-4o0o rt

and call ¥ (f) the cotype of f.

Theorem 5 Let f, g € A°( K) be such that
p(f) = p(g). Then

max((f),¥(g)) <¥(fg) <Y(f) +v(g).

Theorem 6 is similar to a well known statement
in complex analysis and its proof also is similar when
p(f) < 400 [10] but is different when p(f) = +oo.

—+ 00

Theorem 6 Let f(x) = Z anx” € A(IK). Then
n=0
, nlog(n)
= lim su ( )
PLf) n—>—|—o<13 — log |a,|
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Remark: Of course, polynomials have a growth
order equal to 0. On IK as on C we can easily
construct transcendental entire functions of order 0
or of order oo.

Example 1: Let (a,)ne w be a sequence in K
such that —log |a,| € [n(logn)?,n(logn)?+1]. Then
clearly,

. log |an‘
lim = —00
n—-+oo n
O
hence the function g a2 has radius of conver-

n=0

gence equal to +00. On the other hand,

nlogn

lim =
n—+oo — log |an|

hence p(f) = 0.

Example 2: Let (a,)ne wv be a sequence in K
such that — log |a,| € [nv/logn,n/logn + 1]. Then

I n
lim 0g |an] =

n——+0oo n

— 00

e

again and hence the function Z anx' has radius of

n=0



convergence equal to +o0o. On the other hand,

, nlogn
lim ( ) = 400
n—-+co \ —log |ay|

hence p(f) = 4o0.

Here, we must recall a theorem proven in 2010
to characterize meromorphic admitting a primitive:

Theorem 7: Let f € M(IK). Then f admits
primitives if and only if all its residues are null.

The following theorem was proven in 2011 with
help of Jean-Paul Bezivin:

Theorem 8: Let f € M( IK). Suppose that there
exists s €]0,+o00[ such that u(f,r) < r° Vr > 1.
Then, for every b € 1K, f' — b has infinitely many
2eros.

Thanks to Theorem 8, we can prove Theorem 9:

Theorem 9: Let f = 7§ € M( IK) with g € A( IK)
and h € A°( IK) and ¢(h) < +oo. Then for every
be IK, f' —b has infinitely many zeros.
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Proof: Set t = p(h). There exists £ > 1 (h) such
that ¢(r, h) < £r* Vr > 1. Consequently, taking s > ¢
big enough, we have u(f,r) < r® Vr > 1 and hence
f satisfies the hypotheses of Theorem 8. Therefore,
for every b € K, f’ — b has infinitely may zeros.

Corollary 9.1: Let f = ¥ € M(IK) have all its
residues null, with g € A( K) and h € A°( K) and
Y(h) < +oo. Then for every b € K, f —0b has
infinitely many zeros.

Remark: Consider a function f of the form

S m with |a,| = n’. Clearly f belongs to
M( IK), all residues are null, hence f admits primi-
tives. Next, primitives satisfy the hypothesis of The-
orem 8. Consequently, f takes every value infinitely

many times. Therefore, f cannot be of the form £

2
with P € IK[z] and h € A( IK).



Definition and notation: In complex analysis,
the type of growth is defined for an entire function
of order t as

o(f) = limsup log(My(r))

r——+00 rt

Y

with ¢ < +o00. Of course the same notion may be

defined for f € A( K). Given f € A°( K) of order

t, weset o(f) = limsup log(|7£|(r)) and o(f) is called
the type of gmwt%_:]r"o}.
log(11(r))

Similarly, we set o(f) = liminf .
r——+00 r

Theorem 10: Let f, g € A°(IK). Then o(fg) <

o(f) + o(g) and o(f + g) < max(a(f),o(g)). If

p(f) = plg), then max(o(f),0(g)) < o(fg) and if
c|fl(r) > |g|(r) with ¢ > 0 when r is big enough,

then o(f) > o(g).

Corollary 10.1: Let f, g € AY( IK) be such that
p(f) = p(g) and o (f) > o(g). Theno(f+g) =o0o(f).



Theorem 11: Let f(x Zanaz c A°( K) such

that p(f) €]0,+o00[. Then

o()p(f)e = limsup (n §/Ja, 7).

n—-+oo

Notation: Let f € A( K), let (a,)ne v be the se-

quence of zeros of f with |a,| < |aps1], n € IN

and for each n € IN, let w, be the multiplicity

order of a,. For every r > 0, let k(r) be the in-

teger such that |a,| < r Vn < k(r) and |a,| >

r Vn > k(r). . We set ¢(f,r) = Zﬁgg% and
o(f,r) = Z’f(?‘) wn (log(r) —log(cn))

=0 rt

Theorem 12: Let f € A°( K) be not identically
zero. Then

Moreover, if Y(f) = lim,_ 1 o %ﬂ(p]?f)) or if
o (f) = limy oo B then y(f) = p(£)o(f).

Proof: Without loss of generality we can assume
that f(0) #£ 0. Let t = p(f) and set £ = log(|f(0]).
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Let (an)ne w be the sequence of zeros of f with
la,| < laps1], n € IN and for each n € IN, let w,
be the multiplicity order of a,,. For every r» > 0, let
k(r) be the integer such that |a,| < r Vn < k(r) and
la,| > r ¥Yn > k(r). Then by Theorem A, we have

log(|£1(r)) = £+ 303 wn(log(r) — log(|an|)) hence

o(f) = limsup

r——+o0

& >y wa (log(r) — log(|an|)) )

rt

Given r > 0, set ¢, = |an|, and let us keep the
notations above. Then

o(f) = limsupo(f,r),  $(f) = limsup(f,r).

r——+oo r——+oo

First we will show the inequality ¥ (f) > p(f)o(f).-B
Let us fix a > 0. We can write

klaw wy, (log(r) — log(=
o(fr) = 3 n(log(r) —log(;7))

Tt

n=0
k() .
w;(log(Z%) — log(cy))
Tt

_|_

7=0
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by wallog(r) ~ log(cy)

k(ga)<j<k(r)

hence
k(= k(%)

" wy, <" w;(log(5) — log(cn))
U(fﬂ’)ﬁaz F"’ : rt
n=0 =0

hence
k(J=) ”
o(fir) <ae ™ Y- (re—na)t
n=0
k(=) ,
e wp,(log(Zx) —log(cy))
+e Z (,re—oz)t
=0
and hence

o(f,r) < ap(f,re™) +e o (f,re”).

Therefore, passing to superior limits on both sides,
we have o(f) < ap(f) + e *“o(f) and hence

1 — e—ta

o (f)( ) < (f).

8%
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That holds for all @ > 0, hence we have sup,,+ loe® t,l

o

and therefore we have to(f) < ¢(f), which proves
the inequality:

p(f)o(f) < v(f).

We will now show the upper bounds of ) in various
cases. First we have

o(f,r) = % onloglr) — log(z)) + Uog(ze) - log<cn>>|
n=0
S w,, (log(r) — log())
> () oy

(¢
b W, —= — log(cn
+( )Zn 0 (é()t log(cn))

(1) o(fir) 2 ae"p(f, ) +e o (f, ).

Particularly, from (1) we can derive

o(f.r) 2 ae” B (f, =)
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and therefore

(2) o(f) = ae”Y(f) + G (f).

But now, this holds for every a > 0, hence particu-
larly when at = 1, we have

p(f)(ea(f) = a(f)) = ¥ ()

which is the left hand inequality of the general con-
clusion.

log(1/](r)) 7

Now, suppose that o(f) = lim,_
hence

o(f)= lim o(f,r)= lim o(f,re” %), (a > 0).

r——+00 r——+00

Then, for every a > 0, we have t

o(f) = lim, 4o 0(f, =), therefore o(f)(¢ a_l) >
Y (f) and hence we obtain

P(f) <to(f), e ¥(f) < p(flo(f).
Now, suppose that

k(r)
W,

W) = tim 3 T = tim u(f.r)

14



We can obviously find a sequence (7, )nec ~ in |0, 0o}
of limit +o00 such that o(f) = lim,, 100 o(f, rne™).
Then, by (1) we have

'n

7(f,rm) 2 aeT (], ) + et (f, 1)

hence

limsupo(f,r,) > ae " “U(f) + e “o(f)

n——+oo

and hence

o(f) = ae™P(f) +e o (f)

tOé_l

therefore ¥ (f) < (6 = >a(f). Finally, ¥(f) <
p(fo(f)-

Remark: 1) When neither o nor i are obtained
as veritable limits when r tends to +oo, the method
does not let us prove that ¢ = po, the natural con-
jecture.

2) Concerning the upper bound

Y(f) < p(f)lea(f) —a(f)) it is possible to improve
a bit this by defining the number uy > 0 such that
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~

e'o(ug — 1) = —% and putting ap = -¢35. Then

we have

P Doog(f) —5(f)

87))

P(f) <

Corollary 12.1: Let f € A( IK) be not identically
zero and have finite growth order. Then if o(f) is

finite if and only if so is Y(f).

Remark: The conclusions of Theorem 12 hold for

(f) = o(f) = +oo.

We will now present Example 3 where neither
Y(f) nor o(f) are obtained as limits but only as su-
perior limits: we will show that the equality ¥(f) =

p(f)o(f) holds again.

Example 3: Let r, = 2", n € IN and let f €
A( IK) have exactly 2" zeros in C(0,r,) and sat-
isfy f(0) = 1. Then ¢(f,r,) = 2" — 1 Vn €
IN. We can see that the function h(r) defined in

T, Tna1| by h(r) = alf.r) is decreasing and satis-
r
ontl _ 9 C h(r)  2ntl 2
fies h(r,) = o and r—1>1'rg,1+1 T ot
Consequently, limsup h(r) = 2 and lim inf h(r) = 1.
r——+00 r—Too
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Particularly, by Theorem 4, we have p(f) = 1
and of course ¢(f) = 2. On the other hand, we can
show that o(f) = 2.

Now, Theorem 12 and Example 3 suggest the
following conjecture:

Conjecture 1:  Let f € A°( IK) be such that ei-
ther o(f) < +oo or Y(f) < 4oo. Then Y(f) =
p(fo(f).

Although we can’t yet prove Conjecture C1, we
will show the following enquality:

Now, by Corollary 9.1, we can also state Corol-
lary 12.2:

Corollary 12.2: Let f = ¢ € M(IK), with g, h €
A( IK) not identically zero and be such that h has
finite order of growth and and finite type of growth.
Then f’ takes every value b € IK infinitely many
times.

We will now consider derivatives.

Theorem 13: Let f € A(IK) be not identically
zero. Then p(f) = p(f').
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Corollary 13.1 The derivation on A( IK) re-

stricted to the algebra A( IK,t) (resp. to A°( IK))
provides that algebra with a derivation.

In complex analysis, it is known that if an entire
function f has order t < +o00, then f and f’ have
same type. We will check that it is the same here.

Theorem 14: Let f € A(IK) be not identically
zero, of order t €]0,+o0o[. Then o(f) = a(f).

By Theorems 12, 13, 14 we can now derive
Corollary 14.1

Corollary 14.1: Let f € A°( IK) be not identically
zero, of order t < +o0o. Then

p(f)o(f) < o(f") <ep(flo(f),

|¢( ) = (f)lee < (e =1)p(f)o(f) and

V) <o
1< gy Se— L

Corollary 14.2: Let f € A°( IK) be not identically
zero, of order t < 4+o0o. Then Y(f) is finite if and

only if so is Y(f’).
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Corollary 14.3: Let f € A°( K) be not identically

zero, of ordert < 4o0. If(f) = rli)grnoo Q(f;’ 7) or if
o(f) = tim_ L0 hen gy < wis)

r— 400 Tt ’
Moreover the equality ¥ (f") = ¥ (f) holds in each
one of the following four hypotheses:

W) 9(f) = Tim_(fr) and w(f') = lm o(f',7),
) U(f) = lim (f,r) and o(f) = lm_o(f',r)

) olf) = tim_o(f.r) anda(f) = Tim_o(f',r).

4) o) = lim_o(f.r) and(f) = lim_u(f',7)

Conjecture 1 suggests and implies the following
Conjecture 2:

Conjecture 2: (f) =¢(f') Vf e A°( K).

Now, by Theorems 13 and 14 we can state
Corollary 14.4

Corollary 14.4: Let f = ¢ € M(IK) be not
identically zero, with g, h € A( IK), having all
residues null and such that h has finite order of
growth and finite type of growth. Then f takes every

value b € IK nfinitely many times.
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Theorem 15: Let f, g € A( IK) be transcendental
and of same ordert € |0,4+o00[. Then for everye > 0,

r¢q(g,r)
q(f,r)

lim sup (
T——+00

) = +oo.

Remark: Comparing the number of zeros of f’ to
this of f inside a disk is very uneasy. Now, we can
give some precisions. By Theorem 14 we can derive

Corollary 16.1.

Corollary 15.1: Let f € A°( IK) be not affine.
Then for every e > 0, we have

. rq(f'sr)y _

e (S ) =+
" o(f,7)

, req(f,r)\

mewe () = e

We can now give a partial solution to a prob-
lem that arose in the study of zeros of derivatives
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of meromorphic functions: given f € A( IK), is it
possible that f’ divides f in the algebra A( IK)?

Theorem 16: Let f € A(IK)\ K[z]. Suppose
that for some number s > 0 we have

limsup |q(f,7)|r® > 0 (where |q(f,r)| is the absolute

T——+00

value of q(f,r) defined on IK). Then f' has in-
finitely many zeros that are not zeros of f.

Remark: It is possible to deduce the proof of The-
orem 14 by using Lemma 1.4 in [3].

Corollary 16.1: Let f € A°(IK). Then f' has
infinitely many zeros that are not zeros of f.

Proof: Indeed, let f be of order {. By Theorem

4 lim sup q(f; )
r— 400 T

limsup |q(f,r)|r" > 0.

T— 400

is a finite number and therefore

Corollary 16.2 Let f € A°(IK). Then f’ does
not divide f in A( IK).

Corollary 16.3 is a partial solution for the p-adic
Hayman conjecture when n = 1, which is not solved
yet.
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Corollary 16.3 Let f € M( K) be such that

1
limsup |g(=,r)|[r® >0
T—+00 f

for some s > 0. Then ff' has at least one zero.

Proof: Indeed, suppose that f f/ has no zero. Then
1
f is of the form > with h € A(K) and f/' = ——

has no zero, hence every zero of h’ is a zero of h, a
contradiction to Theorem 17 since
limsup,._,, o |q(h,7)|r* > 0.

Remarks: Concerning complex entire functions,
we check that the exponential is of order 1 but is
divided by its derivative in the algebra of complex
entire functions.

It is also possible to derive Corollary 16.3 from
Theorem 1 in the paper by Jean-Paul Bezivin, Ka-

1
mal Boussaf and me. Indeed, let ¢ = —. By The-

f
') . :
orem 4, limsup q(ft ) is a finite number. Conse-
r——+o00 r

quently, there exists ¢ > 0 such that

q(f,r) < cert Vr > 1 and therefore the number of
poles of ¢ in d(0, ) is upper bounded by cr! when-
ever r > 1. Consequently, we can apply Theorem
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8 and hence the meromorphic function ¢’ has in-
finitely many zeros. Now, suppose that f’ divides f

in A( IK). Then every zero of f’ is a zero of f with
/

an order superior, hence F has no zero, a contra-
diction.
If the residue characteristic of IK is p # 0, we

can easily construct an example of entire function
f of infinite order such that f’ does not divide f

. at L \p" .
in A( IK). Let f(x) nl |0( an) with |au,|
n 4+ 1. We check that ¢(f,n + 1 g p" is prime

to p for every n € IN. Consequently, Theorem 16
shows that f is not divided by f’ in A( IK). On the
other hand, fixing ¢ > 0, we have

q(f,n+1) p"
(n+ 1) = (nt 1)

hence
lim sup alf,r)

— = +o00 Vi >0
r— 400 T

therefore, f is not of finite order.

Theorem 16 suggests the following conjecture:
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Conjecture 3 Given f € A( IK) (other than
(x —a)™, a € K, m € IN) there exists no h €
A( IK) such that f = f'h.
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